Abstract-A model is developed for calculating radiative transfer in a stratified dielectric. This model is used to show that the reflectivity of a stratified dielectric is primarily determined by gradients in the real part of the refractive index over distances on the order of 1/10 wavelength in the medium. The effective temperature of the medium is determined by the thermodynamic temperature profile over distances of the order 6 T where T J Im (n) dx = X/4rr. 0
I. INTRODUCTION
THERE is a burgeoning interest in microwave remote sensing of the earth's surface. The dominant theme of both active (radar) and passive (radiometer) systems is a variability of the dielectric properties of the surface as a function of a number of parameters of interest. It is straightforward to calculate the reflectivity and microwave radiance of an interface between two homogeneous dielectrics using the Fresnel relations [1] . However, quantitative understanding of many measurements requires consideration of a more sophisticated model than a simple planar, isothermal dielectric interface. It is the purpose of this document to develop a framework for consideration of dielectric and thermal variations in one dimension. To this end, we will develop a theory of radiative transfer in a planar layered medium and demonstrate that this layered theory is useful for consideration of continuously varying dielectrics. A similar theoretical treatment has been developed by Tsang et al. [2] . This differs in that a simpler formalism is used making the relationships among the expressions, the numerical calculations, and the physical significance clearer. It further differs in that sample calculations are performed and discussed here , which illuminate the specific problem of sensing soil moisture with microwave radiometers.
In Section II, we solve the field equations for a multiple layered dielectric to provide a framework for Section III, wherein we solve the radiative transfer problem by calculating the thermal radiation from each layer. In the last section, we apply this theory to certain specific cases. in each layer with the form E = oeiei'r where k. is the propagation vector with magnitude 2rrnj/X, where X is the free space wavelength, j specifies the layer, and r is a general position vector. Eo0 is an arbitrary electric vector with complex coefficients subject only to the constraint that kj 0Eo= 0.
II. ELECTRIC FIELDS WITHIN
We will choose the coordinate system such that the interfaces are normal to the x direction. In order to satisfy any (nontrivial) boundary conditions at the interfaces, we must impose Snell's law on the k vectors:
k X x = constant where x. is a unit vector in the x direction. We can then further specify that ky 0 with no loss of generality. We may now consider the x dependence only in the wave and include the y and z dependence implicity in the Eo value.
The + and -signs correspond to waves propagating in the positive and negative x directions, respectively. The value of Oi the angle between the direction of propagation and the x direction, is related among all the layers by the Snell's law constraint ni sin Oj = constant. Oj is, in general, a complex number. We may now establish a pair of propagator functions:
where x1 is the coordinate of the interface between the first and second layers.
The (to > 190 K) , it is accurate to better than 0.1 K to reduce this,to the Rayleigh-Jeans approximation B = 2v2 kto Ic2, so that the intensity of radiation is linearly related to the thermodynamic temperature of the radiator and may be characterized by an equivalent blackbody temperature or brightness temperature TB = BC2/2V2k.
Each layer absorbs a fraction kj of this radiation where j is the index specifying the layer. If each of these layers is also at a temperature to, each must also radiate as much energy to the blackbody as it absorbs from the blackbody since they are in equilibrium. Since the directional and polarization properties of the blackbody may be varied arbitrarily, this must hold true along any propagation path and for any polarization. Since the actual radiation from any layer except the first is independent of the presence of a blackbody in the first layer, and since the amount of radiation from any layer is independent of the temperature of any other layer, except in so far as the temperature affects the dielectric properties, then the radiation propagating in a given direction 0 is given by
where fP(0) is the fraction of radiation incident on the ith interface at an angle 0, with polarization P, which would be absorbed by the jth layer, t1 is the thermodynamic temperature of the layer, RP (0) (0) For each of the three sets of indices, this arrangement was Table I ).
approximated by a number of layers (10, 20, 40, 80 , and 160), the reflectivities and temperature weighting functions were calculated for normal incidence and for both horizontal and vertical polarization at 450 incidence, and 6 was varied from X/100 to lOX. In each case, the result for 160 layers was compared with each result for fewer layers. The results are shown in Table II for the maximum difference observed for any 6 for each of the models. The reflectivity error between the result for 80-and for 160 layers was, in no case, greater than .0017, which corresponds to a brightness temperature error of only about 0.5 K, or in the case of a radar measurement, an error of less than 0.05 dB. The 0.5 K value is about the accuracy achievable in current state-of-the-art radiometric measurements, and the 0.05 dB value is about an order of magnitude better than the state-of-the-art in radar measurements. Thus the convergence of this stepwise approximation to accuracies relevant to interpretation of experiments is quite rapid. In Fig. 3 , the reflectivity results for viewing perpendicularly to the interface in all four cases are plotted. In each case, for 6 > 3, the reflectivity is essentially that of the no -n, interface only and for 6/X 1/30, the reflectivity approaches that of the subsurface layer assymptotically. There is a rather abrupt transition region between these values of 6/X. On the large 6 side It is of particular interest to note the lack of significant angular dependence. This occurs because the direction of propagation through the medium remains nearly normal to the interface even for oblique incidence as a result of Snell's law. The decrease of the angular effect with increasing dielectric constant is consistent with this interpretation.
It is also possible to calculate the average depth at which the thermal radiation upwelling from the soil originates. We will call this the thermal sampling depth 6T and it is given by _T Zxifi
where xi is the depth of the ith layer and fi is the weighting function for that layer as previously defined. It is readily shown for a uniform dielectric (n1 = n2) that Table I ). Thus, for understanding radiometric measurements of surfaces, two sampling depths must be considered. The reflectivity characterizes changes in the real part of the refractive index over a depth of about 1/10-1/7 wavelengths in the medium. The therrnal radiation is characterized by a different depth ST, which is generally larger and is substantially determined by the imaginary part of the index of refraction.
APPENDIX I-FORTRAN IV SUBROUTINES
The two subroutines presented here, HPLD and VPLD, calculate the electric fields and thermal weighting functions for the horizontally and vertically polarized layered dielectric, respectively. The number of layers to be treated is N, the angle of incidence in radians THETA, and the wavelength is XLAM. It requires 4-complex and 1-real single precision vectors of length N. The complex numbers are signified by $. $N is the vector of complex indices of refraction of the layers. $SEP and $EM are computed by the subroutine and are the electric field solutions for the positive and negative directions, respectively. DEL is the vector of layer thicknesses; the first and last of these are not used. $P is a work vector. It contains the values of P2 during computations.
The values of the thennal weighting function are retumed in the real part. The power reflectivity is considered to be the weighting function for the first layer. The sizes of the vectors given in the dimension statement are strictly dummy numbers as these sizes are specified by the calling subroutine. 
